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1. Introduction. 

In the book [6j , the authors studied the moduli spaces of bordered stable maps of 
genus with Lagrangian boundary condition in a systematic way and constructed 
the filtered Aoo-algebra associated to Lagrangian submanifolds. Since our con- 
struction depends on various auxiliary choices, we considered the canonical model 
of filtered A^-algcbras, which is unique up to filtered Aoo-isomorphisms. The aim 
of this note is to explain the construction of the canonical model and to apply such 
an argument to obtain the filtered Aoo-structure to the Morse complex on the La- 
grangian submanifold. The resulting filtered A^-operations are described by the 
moduli spaces of certain configurations consisting of pseudo-holomorphic curves and 
gradient flow lines. Note that the first named author [4] studied the quantization 
of Morse homotopy based on the moduli spaces of certain configurations consisting 
of pseudo-holomorphic discs and gradient flow lines of multiple Morse functions, 
see [T3] for monotone case and Theorem A4.28 in §A 4 in [5]. Such configurations 
are also studied in monotone case by Buhovsky [2] and Biran and Cornea pQ. We 
follow Chapter 5 in [6] to explain the algebraic aspect of canonical models and use 
the geometric construction in Chapter 7 in [6]. 

We briefly review the background of our study. Floer [3] invented a new the- 
ory, which is now called Floer (co)homology for Lagrangian intersections. Very 
roughly speaking, it is an analog of Morse theory for the action functional on the 
space of paths with end points on Lagrangian submanifolds. For a transversal pair 
of Lagrangian submanifolds Lq,L\ 1 the cochain complex is generated by the in- 
tersection points of Lq and L\. The coboundary operator is defined by counting 
connecting orbits joining the intersection points. The theory was extended by the 
second named author [T^] to the class of monotone Lagrangian submanifolds with 
the minimal Maslov number being at least 3. In general, however, there arise ob- 
structions to constructing the Floer cochain complex caused by the bubbling-off of 
pseudo-holomorphic discs in the moduli space of connecting orbits. We started a 
systematic study of the moduli spaces of pseudo-holomorphic discs with Lagrangian 
boundary condition and formulated the obstructions in terms of the Mauer-Cartan 
equation on the filtered A^-algebra associated to the Lagrangian submanifold [6]. 
In order to give consistent orientations on the moduli spaces, we introduced the 
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notion of relative spin structure and cosidered relative spin Lagrangian submani- 
folds. For a relative spin pair (Lq, L\) of Lagrangian submanifolds, we constructed 
a filtered ^loo-bimodulc over the ^loo-algbras associated to Lq and L\. If each 
Li, i = 0,1, admits a solution bi of the Maurer-Cartan equation, we can rec- 
tify the Floer operator to obtain a coboundary operator 5°°> 1 . Hence the Floor 
complex (CF'(Lo,Li),5 b °' bl ) is obtained. We also considered the case that the 
Lagrangian submanifolds admit solutions of the Maurer-Cartan equation modulo 
multiples of the fundamental class [Li] (weak solution). For a weak solution bi, 
we assign the potential ^D(bi). If *pD(6o) = ^D(foi), we can construct the Floer 
complex (CF(Lo, Li),S b °' bl ) deformed by £>o, 61 ■ This extension with the weak 
bounding cochains plays crutial role in our study of Floer theory on compact toric 
manifolds [7]. 

We firstly constucted the filtered ^oo-algebra mentioned above on suitable sub- 
complex of the singular cochain complex of Li using systematic multi- valued per- 
turbation of Kuranshi maps describing the moduli spaces. We briefly review these 
constructions in subsequent section. Thus the resulting filtered ^loo-algebra de- 
pends on various choices, i.e., the choice of the subcomplex, the choice of system- 
atic multi-valued perturbation, etc. In order to make the construction canonical, 
we introduced the notion of the canonical model. Since the structure constants of 
the filtered ^oo-algebra depends on these choices, it is appropriate to work with the 
canonical model when we make practical computation of the structure constants. 
When we consider ?PD(6) as a function on the set of weak solutions of the Maurer- 
Cartan equation, we call it the potential function. The canonical model provides 
an appropriate domain of the definition of the potential function. The canonical 
models also play a role in the convergence of a certain spectral sequence, see Chap- 
ter 6 in [6j. (In [5], we used another kind of finitely generated complex to ensure 
the weak finitcness property of the filtered Aoo algebras.) It may be also worth 
mentioning that we rely on canonical models in some places in [6] , since the degree 
of the ordinary cohomology is bounded, though the degree of the singular complex 
is not bounded above. 

We also developed an algebraic theory for filtered ^loo-algebras, bimodulcs, in 
particular, the homotopy theory of the filtered j4oo-algebras, bimodules and proved 
that the homotopy type of the resulting algebraic object does not depend on such 
choices. We can also reduce the filtered j4oo-structure to appropriate free subcom- 
plcxcs of the original complex. In particular, if we work over the ground coefficient 
field, we obtain the filtered j4oo-structure on the classical (co)homology of the com- 
plex. In this note, we review the construction of the canonical models of filtered 
Aoo-algebras and filtered Aoo-bimodules and explain its implication in a geometric 
setting. 

In section 5, we induce the filtered /loo-algebra structure on Morse complex 
based on the argument in the construction of canonical models. We choose a Morse 
function / on L, which is adapted to a triangulation of L (see section 5). 

Theorem 15.11 Let L be a relatively spin Lagrangian submanifold in a closed sym- 
plectic manifold (M, to) and f a Morse function on L as above. Then Morse com- 
plex C 'M* (/) (g) A nov carries a structure of a filtered Aoc -algebra, which is homotopy 
equivalent to the filtered A^-algebra associated to L constructed in [6j. 

This note is based on the lecture at Yashafest and we thank the organizers for 
the invitation. 
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2. FLITERED Aoo-ALGEBRAS, BIMODULES 

In this subsection, we recall the definition of (filtered) A oo- algebras, bimodules, 
homomorphisms and prepare necessary notations. Then we explain the notion of 
homotopy between (filtered) A^-homomorphisms. In fact, the notion of homotopy 
between Aoo-homomorphisms can be found in the literature, e.g., |14j . For differ- 
ential graded algebras, homotopy theory was studied in rational homotopy theory, 
see [16] . [9]. In order to make clear the relation among such notions, we introduced 
the notion of the model of [0, 1] xC ([0, 1] x C) for a (filtered) Aoo-algebra C (C) 
and defined the notion of homotopy using such a model. 

2.1) Unflltered Aoo-algebras, homomorphisms, bimodules, bimodule ho- 
momorphisms. 

Let R be a commutative ring, e.g., Z, Q. Let C be a cochain complex over R. 
We assume that C = for k < 0. Denote by m x its differential. Set C[lf =C 
and denote the shifted degree by deg'a; = dega; — 1, where deg is the original 
degree of C . In this section, we use only shifted degrees. Consider a series of fc-ary 
operations, k = 1, 2, . . . , 

m fe : (C[l] m ) 9k ->C[l] m 

of degree 1 with respect to the shifted degrees. 

Before giving the definition of A^-algcbras, we explain the case of differential 
graded algebras. Let (C ,d, •) be a differential graded algebra. Define mi(x) = 
(-l) de & x da and m 2 (x ® y) = (-i)<fes*-(degtrt-i) x . y Then we find that 

mi o mi(ai) = 0, 

mi o m 2 {x ® y) + m 2 (tni(xi) ® x 2 ) + (-l) dog ' Xl m 2 {x 1 ®m 1 (x 2 )) = 0, 
m 2 (m 2 (xi ®x 2 ) ®x 5 ) + (-l) dcg,:El m 2 (xi <g> m 2 (x 2 ® x 3 )) = 0, 

which follow from the facts that d is a differential, the multiplication and the 
differential d satisfies Leibniz' rule and the multiplication is associative. 

There are some geometric situations where multiplicative structures are defined 
but not exactly associative. A typical example is the composition in based loop 
spaces. In fact, Stasheff [15] introduced the notion of Aoo-structure on topological 
spaces in order to characterize the homotopy types of based loop spaces. He also 
defined the Aoo-structure in algebraic setting. For instance, a multiplicative struc- 
ture is said to be associative up to homotopy, if there exists m~3 : (C[l]*)® 3 — > C[l]* 
such that 

m 2 (m 2 (a;i ® x 2 ) <g> aj 3 ) + (-l) dcg '' Tl m 2 (xi ® m 2 (x 2 ® aj 3 )) 
+mi om 3 (a:i ® x 2 ®x 3 ) + rn3(mi (x\) ®x 2 ® x 3 ) 

+(-l) de s'^m 3 (a;i ® mi(:r 2 ) <8)x 3 ) + (-l) dog ' " 1+dcg ' Xa tB 3 (a:i ® x 2 ® mi(x 3 )) 
=0. 
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Note that it coincides with the relation corresponding to the associativity, if 
m3 = 0. We can continue higher homotopics in a similar way: 

^2 ^(-l)^= ldcg Xi mki(xi, ■ ■ .,m k2 (xi, . . .,x i+k2 -i), ...,x k ) = 0. 

fci+/C2— fe+1 i 

Here k%, hi are positive integers. For a concise description of relations among higher 
homotopies, we introduce the bar complex of C , which is defined by 

oo 

B(C[l]') = 0B i (C[l]') 1 B k (C[l]')= 

fe=0 mi,...,m k 

which we consider as a tensor coalgcbra. The comultiplication is given by 

k 

A(a;i <g> • • • ® Xk) = y^(xi ® ■ ■ ■ ® x t ) ® (x i+ i ® • • • ® Xfe), 

where xi ® • • • ® ajj, rKj + i ® • • • ® Xfe € B(C[1]') and the former with i = and 
the latter with i = fc arc understood as 1 G B (C[1]'). Extend to the graded 
coderivation rrik on B(C[1}'). Namely, 

m k (xi ® • •■ ® Xjv) 

N-fc+l 

= ^ (-l)^j= ldcg ' Xj xi®---(g)x l _i(X)m fc (x i ®---(g)a; i+fc _i)«)a; i+fc ®... 

i=l 

• • • ® CCjv- 

We call (C* , {tn/c}) an Aoo-algebra, if 

2=^2m k :B(C[l}')^B(C[l}') 

k 

satisfies d o d = 0. In the case that Tfifc = for k > 2, this condition is equivalent to 
the notion of differential graded algebras. 

For a collection {f fc : B k {C[l}') C [l]*}^ of de gree 0, we extend it to a 
homomorphism as tensor coalgebras 

f(xi ® • • • ® Xk) = ^ ffcl^ 1 ® ' " ' ® ^l) ® ' " ' ® ffcn^fe+l-fen ® • ® »fe)- 

feiH hfe„=fe 

We call {f fc } an ^oo-homomorphism, if / satisfies d^' o / = / o d<=?. 
In terms of the components rrTfc's and f k s, this is equivalent to 

™k{f tl (x-l ® • • • ® XiJ ® • ■ • ® f ifc (x il+ ... +ifc _ 1+ i ® • ■ • <g> »„)) 

hH M*=n 

JlH hj«=» P=l 

™jp( x n+-+3p-i+i ® ■ • • ® ^i+-+ip) ® • • ■ ® f Jf ® ••■ ® a; n ) 
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Let (C*, {ttij^ }), i = 0, 1, be Aoo-algebras, D* a graded module and n kl ,k '■ 
B kl (C ®D[1)* ® S feo (Co[l]*) homomorphisms of degree 1. We call 

(D ,{n kl .k }) an ^loo-bimodule, if 

4°4 = 0, 

where d„ is defined on B(Ci [1]") <8> £[1]* <g> B(C [1]') as follows: 

rfn(^i,i ® • •■ ® a;i,fco ® y ® £0,1 ® •■ • ® £o,fc ) 
=d (xi t i ® • • • ® a;i,fci) ® y <& sco.i ® • ■ • ® £o,fc 

+ E (-i) i: ^ deE ' a: ^i,i®---^ 1 -fe ; 

+ (_l)E^ 1 dcg'x I +deg'. ya , ii g _ .. Sljfcl ® y ®3 0) (S ,1 ® " ' ' ® X , k<J ). 

The condition for (D, {Wfe l! fc Q }) to be an ^loo-bimodules over Cj, z = 0,1 is 
equivalent to the identity 



n*,*(c? (8) • • • ® xi, fcj ® y ® xo,i ® •■ • ® ^o.fco) 

+ S (-l)^ 1 ldeg ' x< *ifci-fci,fco-fcs( fl! i,i® "•®»fci-fci® 

njfei.fej^i.fci-fei+i ® ' ' ' ® »i,fci ® y ® ^0,1 ® xo,k' a ) ® x o.k> +i ® ■ ■ ■ ® x QM ) 

+(-l)^*=i d °s Xi + d °s fn,,.^!,! ® • • • ® x 1M ®y®d (x ,i ® • • • ® xo,fc )) 
=0. 

Here n*,* : B(Ci[l]') ®D[1] ® B(C [1]*) -> U[l] is defined to be n fel , feo on 

Let {f^ : C,[l]* — > CJl]*}, i = 0,1, be ^oo-homomorphisms and D , resp. 
D' an ^loo-bimodules over d, resp. C i; i = 0,1. For a collection {^ fe fc } : 
B fcl (Ci[l]') ® D[l}' ® B ko (C [l}') -» S'[l]* of degree 0, we define 

% : B(Ci[l}') ®D[1}' ® B(Oo[l]') -> S(Ci[l]') ® B'[l]* ® B(Co[l]') 

as the homomorphism determined by {f^}, i = 0, 1 and {<^ fel feo }. We call {</> fel fco } 
a homomorphism of Aoo-bimodules, if 

d^' o <f> = <f> o (in. 



2.2) The universal Novikov ring and the energy filtration. 
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To explain the notion of filtered Aoo-algebras, we introduce the universal Novikov 
ring. Let e and T be formal variables of degree 2 and 0, respectively. Set 

Kov = {^a i e Mi T A * | Oj G R, m G Z, A s ; G E, A, — > +oo(i -> +00)} 
A , no „ = {^a^T^ G A no „ | A, > 0}. 

i 

Set 

G* = {^Cie Mi T A< | Ci G G*,^ G Z,A, G R,Ai +oo(i -> +00)}, 

which is the completion of the graded tensor product G* A 0jno ^ with respect to 
the energy filtration given below. We define the filtration defined by 

F X C = {^x^'T^ G C I x t G G* , A.j > A} 

i 

on C and denote by F A (G[l] mi • • ■ G[l] mfc ) the submodulc of C[l] mi <g> • •■ <g> 
G[l] mfe spanned by 

k 

F Al (C[l] mi )® •••®F Afc (G[l] mfc ), ^A, = A. 

i=l 

Define the bar complex of G[l]* by the completion with respect to the energy 

filtration and denote it by Bk{C[l]'). 

2.3) Filtered case and G-gapped conditions. 

Consider the fc-ary operations, k = 0, 1, 2, . . . , 

rtik : B k (C[l] m ) ^ C[l] m 

such that 

m fe (F Al G[l]* ® • • • ® F Afc G[l]*) c F Al+ - Afc C[l]' 

and 

m (l) G F a 'G[1]* for some A' > 0. 

We used the induction on the energy level in various arguments in [6], see also 
section 3 in this note. For such purposes, we introduced the G-gapped condition, 
which we assume from now on, as follows. Note that the G-gapped condition follows 
from Gromov's compactness theorem in the case of symplectic Floer theory. Let 
G C M>o x 21 be a monoid such that pr 1 " 1 ([0, c]) is finite for any c > and 

prr 1 (0) = {O = (0,0)}. 

Here pr, is the projection to the i-th factor, i = f,2. The filtered ^loo-algebra is 
said to be G-gapped, if there exist 

m fcA :B k (C[l]')^C[l}' 

for ^ = (Ai, /ij) G G C IR>o x 2Z such that mo,o = and 

i 

Extend to the graded coderivation mfc on B{C[1}*). We call (G*, {mfc}) a filtered 
Aoo-algebra, if 

d = J2^k:B(C[l]')^B(C[l}') 

fe 
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satisfies d o d = 0. In other words, 

H X](- 1 ) E ^ deS ' X " m fci( :r l' ■ ■ ■ > m **( x i> ■ ■ .,X i+k2 -l), ...,X k ) = 0. 
fe 1 +fe2=fc+l i 

Here fci is a positive integer and k 2 is a non-negative integers. When k 2 = 0, 
i) is understood as m (l). 

For a filtered A^-algebra (G*,{mfc}), set trlfc = m^o, = (0,0) e IR> x 2Z. 
Then (C , {m^}) is an A^-algebra. We call (C, {m^}) a deformation of (G , {mjt}). 

Note that mi o mi may not be zero and we have 

mi o mi(x) + m 2 (m (l), x) + (-l) dcg ' x m 2 (x, m (l)) = 0. 

We set 

e b = l + b + b<g)b + bg)b®b+..., 
for b G T X (C[1}°) with A > and consider the Maurer-Cartan equation: 

d(e b ) = 0, 

which is equivalent to 

m (l) + mi (6) + m 2 (b, b) + m 3 (b, b,b) H = 0. 

For a given b, we define a coalgcbra homomorphism 

§ b {x! <g> x 2 <Z> ■ ■ ■ <S> x k ) = e b <g> X! <g> e b <g> x 2 ® e b <g> ■ ■ ■ <g> e b ® x k <g> e b . 
Then define 

m b k (xi ® • • • <g> Xk) — m* o <& & (xi <g> • ■ • <8 x k ), 
where m* : B(C[1]*) — * C[l]' is defined by m* |_B fc (c[i]«) = m fc- Then, for a solution 
of the Maurer-Cartan equation, we find that ttiq (1) = 0, hence m\ o m\ = 0. 
Namely, the original mi is rectified to a coboundary operator m\ using a solution 
of the Maurer-Cartan equation, which we also call a bounding cochain. 
For a collection {f fe : B k {C[l]') -> G'[1]*}£L of degree 0, we define 

f(a;i <8> • • • <g> Xfc) = ^2 fkA x i ® • • • ® »fci) ® • • • ® ffc„(a;fe + i_fe n ® • • • (8) x fc ), 

fclH k n — k 

for fe > and 

T(l) = 1 + fo(l) + fo(l) 8> fo(l) + • • - , 

where 1 £ Ao^ nov = £?o(G[l]*). We assume the G-gapped condition, i.e., there exist 

f k , pr .B k (C[l}')^c'[l}' 

for Pi = (Aj, jUj) € G with Ai — * +oo as z — > +oo such that 

In particular, f preserves the energy filtration. Namely, 

}(F X B(C[1}')) c F A G'[1]', 

where {F A J B(G[1]')} is the filtration derived from the filtration F x on C[1]V Wc 
call {f k } a G-gappcd filtered ^oo-homomorphism, if d' c o f = f o d c . When we 
do not specify the monoid G, we call gapped filtered Aoo-algebras, gapped filtered 
Aoo-homomorphisms, etc. 
2.4) Homotopy theory. 
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In [6], we introduced the notion of models of [0,1] x C* (Definition 15.1) and 
gave two constructions. Using this notion, we developed the homotopy theory of 
filtered A^-algcbras and filtered-Aoo bimodulcs. Our formulation has an advantage 
to clarify equivalence of various definitions of homotopy of Aoq algebras appearing 
in the literature even for the unfiltered cases. 

Let C be the completion of C ® Ao, which is a filtered Aoo-algebra. 

Definition 2.1. Let € be the completion of £®Ao, which is a filtered Aoo- algebra 
together with filtered Aoc-homomorphisms. 

Incl : C -> €, Eval s=i : £ ->• C, i = 0, 1. 

We call €. a model of [0, 1] x C , if the following conditions are satisfied: 

• Inclfc^ and Eval s= i,i = 0, 1 are zero unless (fc,/3) = (l,/3b). 

• Incli ; /3 , (EvaLj = o)i,/3 are cochain homotopy equivalences between C and (£. 

• EvaLj = o o Incl = Eval s= i o Incl = id. 

• Eval s= o © Eval s= i : £ — > C © C is surjective. 

We quote here one of constructions of the models of [0, 1] x C for reader's con- 
venience. 
Set 

d ' 1 ! = C®C[-1]®C, 

and define 3 , 3 1 : C -> C^ - 1 ! of degree and 3 : C -> C^' 1 ^ of degree 1 by 

3 {x) = (x,0,0),3i(x) = (0,0,a;),3i(x) = (0,x,0). 

We extend 3 ,3i to B(C[1]) -> B(C^'^[1}) and denote them by the same symbol. 
Define 

(Eval s=0 )i(a;, y, z) = x, (Eval s =i)i(a;, y, z) = z, 
(Incl)i(a;) = 3q(x) + 3\{x) — (x, 0, x). 

We define the filtered -structure {9Jt/c}. 
For 9710,9)11, we set 

9JT (1) - (Incl)! (m (1)), 
OTipo(z)) = 3oKW) + (-l) dcs ' x 3(x), 
SDti(3i(aO) = Ji(mi(x)) - (-l) dcg,a; a(x), 
OTi(J(aO) = J(mi(a;)). 
We define 9Jl fe , fc > 2 as follows. For x e B fe (C[l]), y e C and z e B e (C[l}), we 

set 

9Jl fe+ , +1 p (x),3(y),3i(z)) = (-l) d °s' z 3(m fe+ , +1 (x,j/,z), 

and 

JOt*po(x)) = 3o(m fe (x)),9Jl,pi(z)) = 3i(m f (z)), for fc,i > 2. 

Here the order of 3o( x ), 3(y), 3\(z) is important. We define operators 9Jtfc on C^ ' 1 ' 
other than those defined above to be zero. 

Models of [0, 1] x C are not unique, but we proved the following: 
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Theorem 2.1 (Theorem 15.34 in [6]). Let G\,Ci be gapped filtered Aoo-algebras 
and £i,£2 any models for [0,1] x Ci, [0, 1] x C2, respectively. Let f : C\ — » C2 
&e a yapped filtered Aoo-homomorphism. Then there exists a yapped filtered A^- 
homomorphism $ ■ £1 — > £2 swc/i i/ia£ 

Eval s=So o ^ = f o Eval s=SQ , s = 0, 1 

and 

Incl o f = $ o Incl. 

We define two filtered Aoo-homomorphisms fj : C± — > C2, i = 0, 1 are homotopic, 
if there is a model £2 of C2 and a filtered Aoo-homomorphism $ : C\ — > £2 such 
that fi = Eval s=i o J. Although the definition literally depends on the choice of the 
model £2, we can show that the notion of homotopy between fj does not depend 
on the choice of the model and the homotopy is. in fact, an equivalence relation, 
see Chapter 4 in [B]. 

Note that the notion of homotopy between Aoo-homomorphisms in the unfiltered 
case appeared in literaturure, e.g., [14] . By taking a suitable model, we can find that 
our definition above coincides with such a definition. It also implies that various 
definitions which appear in the literature arc equivalent to one another. We think 
that the notion of models clarifies arguments and is also useful when we consider 
the gauge equivalence between solutions of the Maurer-Cartan equation. Namely, 
two solutions b, b' of the Maurer-Cartan equation is gauge equivalent, if there is a 
model £ of [0, 1] x C and a solution b of the Maurer-Cartan eqution on £ such that 
Eval s= o(6) = b and Eval s= i(&) = b' . For details, see section 16 in [6j. 

Among other things, we proved the Whitehead type theorem as follows. An 

Aoo-homomorphism {f fc } from C to C is called a weak homotopy equivalence, 

if f 1 : C -> C is a cochain homotopy equivalence between mi-complexes. A 
filtered Aoo-homomorphism {fk} from C[l]* to C"[l]* is called a weak homotopy 
equivalence, if f x = fx,o is a cochain homotopy equivalence between mi = m^o- 
complexes. 

Theorem 2.2 (Theorem 15.45 in [6j). (1) A weak homotopy equivalence of A^- 
alyebras is a homotopy equivalence. 

(2) A gapped weak homotopy equivalence between gapped filtered A^-algebras is a 
homotopy equivalence. The homotopy inverse of a strict weak homotopy equivalence 
can be taken to be strict. 

Note that the above theorem does not hold in the realm of differential graded 
algebras. The notion of Aoo-homomorphism is much wider than that of homomor- 
phisms as differential graded algebras. 
2.5) Filtered Aoo-bimodules. 

Let (C*, {tnl }), i — 0, 1, be filtered Aoo-algebras and D a graded module. 
Write 

D[l]' = D[l}' ® A ,„ o „ 

and 

D[l}' = D[l] m ® Anov- 
Let n klM : ^(^[1]*) ® D[l]' ® B ko (Co[l]') -» D[l] - , h,k = 0,1,2,..^ be 
Ao, no „-module homomorphisms of degree 1. We also denote its extension to D[l}' 



10 



FUKAYA, OH, OHTA AND ONO 



by the same symbol n kl , ko . We call (£)*, {nfe^}) and (£>*, {n kllko }) a filtered 
Aoo-bimodule over (C£,{mfc}), if 

d n od n = 0, 

where d n is the coderivation on B(Ci[l}') ® D[l}* ® B(Cq[1]') determined by {tnj^}, 
i = 0,1, and {tifc^fco}. The G-gapped condition is defined in a similar way to the 
case of filtered ^loo-algebras: 

where 

n kM : B kl (p![l]') ®D[1] U ® 5 fco (Co[l]*) ^^[1]'. 
For A G K, we set 

J- X D* = T x ■ D'. 

For A > 0, T X D* C £>', hence we obtain a filtration on DV It is clear that 
d n (F Xl B(C 1 [l}')®J :X2 D'<g>F x,i B(Co[l]')) C ^ Al+A2+A3 Z)[l]V 
Note that no.o ° no.o may not be zero and we have 

n ,o o no,o(y) + ni, (mg\l),y) + (-l) dcg '% ,i (j/,m 0) (l)) = 0. 
For 6i e d xW (Ci[l]') with A^ > 0, we define 

® y ® z ) = n *.*( $fcl W ® y ® <i>bo ( z ))' 

for x G Bfc^Citl]*) and z G Bfc (Co[l]*). In particular, 

no°6 bl (y) = "*.*(e bl ®y®e ho ). 

If bo,bi are solutions of the Maurer-Cartan equations in the filtered Aoo-algcbras 
Co, Ci, respectively, we find that 

b M b ,bi _ q 
n 0,0 ° tl 0,0 — u - 

Namely, we can rectify the original no.o to a coboundary operator riQ bl on D[l], 

Let {fi }, i = 0, 1, be filtered ^oo-homomorphisms from C* toCj* and (£)*, {tifci,fc }), 
rcsp. (5'*, {tlj. l fco }), filtered Aoo-bimodulcs over (C*, {m^}), rcsp. (C-*, {m fe '(i)}). 
Suppose that there exist a real number c and A no „-homomorphisms <f> kl ^ '■ B kl (Ci [1]*)<8 
D[l]* ® B ko (C [l}') ->D'[1]*, ki,k = 0,1,2,..., such that 

^ 1:fco (F Al B fel (C 1 [l]•)®^ A2 5[l]•®F A3 ^ (Co[l] , )) c^ Al+A2+A '^ c 5'[l]V 

We call such c the energy loss of \jf> kl , ko }' For sucn a collection {<j> kl! k }, we define 

£ : B(Ci[l] - ) ® (» S(C [1]*) S(C( [1]*) ® 5'[1]' ® B(C£[1]*) 

as the homomorphism determined by {fjj. }, i = 0,1, and {<fei,fc }- We call <f> = 
{<pk llko } a weakly filtered -homomorphism of filtered ^loo-bimodulcs, if 

d n ' 4> = 4> dn- 

When we can take c = , <fi = {^fe^fco} is called a filtered Aoo-homomorphism. 
Suppose that C*,C* are G-gapped. Let G c M x 2Z be a G-set such that 
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pr 1 |g 1 ((— oo, A]) is finite for any A e E and pr 1 (G) is bounded from below. We 
say that </> = {(t>k lt k } is G'-gapped, if 

/3'GG' 

where 

K,*o,/3' : ® B ko {C [l]')^D'[l}'. 

The homotopy theory between filtered Aoo-homomorphisms of filtered Aoo-bimodulcs 
is also developed in [BJ. 

We also proved the Whitehead theorem for (filtered) Aoo-bimodulcs. 

Theorem 2.3 (Theorem 21.35 [BJ). Let 4> : D' -> £>'* 6e a gapped /i/tered Aoc- 
bimodule homomorphism over (f (1 \f (0) ), w/iere fW : C* -> G> are homotopy equiv- 
alences. Suppose that 4>(o,o,o) is a chain homotopy equivalence. Then <f> is a homo- 
topy equivalence of filtered Aoo-bimodules. 

Remark 2.1. Here we require <f> is a filtered ^oo-homomorphism. Since a weakly 
filtered Aoo-homomorphism, </>(o,o,o) ma y n ot induce a chain map with respect to 
n ,o.o and n' Q . 

2.6) Filtered A n j< structure. 

For a later argument in section 4. we recall the notion of filtered ^^-algebras. 
Let G C K> x 2Z be a monoid as above and ft = G G. For (3 G G, we define 

f sup{n|3/3i G G \ {ft}, ELi ft = ft> + [pri(ft>] "1 jf P * Po 
\ — 1 if /3 = ft, 

Then we introduce a partial order on (G x Z> ) \ {(ft, 0)} by (ft, fei) >- (ft, fe) 
if and only if either 

II ft II +*i >|| ft || +fe 

or 

II ft || +fci =|| ft || +fc 2 , and || ft \\>\\ ft || ■ 
We write (ft, &i) ~ (ft, ^2), when 

II ft II +fci =|| ft II +fc 2 , and || ft || = || ft || . 

We define (ft,fc x ) (ft,fc 2 ) if cither (ft,^) >- (ft,fc 2 ) or (ft,^) ~ (ft,fc 2 ). 

We also write (ft k) -< (n', &'), when || (3 || +fc < n' + fe' or || /? || +/c = n' + k! 
and || /? || < ri. 

Let G be a cochain complex over R and C* = C ® Ao, n ov- Suppose that there 
are 

m k ,f3 : B(C[l] m ) ->C[1]" 
for (ft k) G (G X Z) \ {(ft, 0)} with (ft fc) -< (n, if). We also suppose that mi ;( 3 is 
the boundary operator of the cochain complex GV We call (G*, {rrifc^}) a G-gapped 
filtered A„ ^-algebra, if the following holds 

/3 1 + / 3 2 =/3,fci + fc 2 =fc+l i 

for all (ft fc) -< (n,K), where 
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Here A is the coproduct of the tensor coalgebra. 

We also have the notion of filtered ^ ni /f-homomorphisms, filtered j4„./f -homotopy 
equivalences in a natural way. In [3] , we proved the following: 

Theorem 2.4 (Theorem 30.72 in [6]). Let C* be a filtered A nt K~o,lgebra and C' 
a filtered A n > t K' -algebra such that (n, K) -< (n',K'). Let t) : C' — > C* be a fil- 
tered A n ^K-homomorphism. Suppose thatfy is a filtered A nt K~homotopy equivalence. 
Then there exist a filtered A n /^' -algebra structure on C' extending the given fil- 
tered A n ^-algebra structure and a filtered A n i i k > -homotopy equivalence C* — ► C* 
extending the given filtered A n ^K -homotopy equivalence t). 

3. Canonical models 

In this section, we give the notion of canonical models and explain their con- 
struction after section 23, Chapter 5 of [5J. The unfiltered version of such a result 
goes back to Kadeishvili [ID] . There are two methods to construct canonical mod- 
els in unfiltered case. One is based on obstruction theory due to Kadeishvili and 
the other uses the summation over trees due to Kontsevich and Soibelman [IT] . 
Our argument is an adaptation of the latter argument and we also constructed the 
canonical models for filtered case. 

When the ground coefficent ring R is a field, we have the following: 

Theorem 3.1 (Theorem 23.1, Theorem 23.2 in [6j). (1) Any unfiltered A^-algebra 
(C , {nTfc}) is homotopy equivalent to an Aoo-algebra (C , {raj,.}) with = 0. 
(2) Any gapped filtered A^-algebra (C*,{rrife}) is homotopy equivalent to a gapped 
filtered Aoo- algebra (C m ,{m' k }) withm'i = 0. Moreover, the homotopy equivalence 
can be taken as a gapped Aoa-homomorphism. 

An ^oo-algebra is called canonical, if mi = 0. A canonical model of an A^- 
algebra is a canonical Aoo-algebra homotopy equivalent to the original one. The 
statement (1) is Kadcishvili's theorem and implies that the mi-cohomology has a 
structure of an ^loo-algebra. Note that, in general, we do not have mi-cohomology, 
since mi omi may not be zero. A filtered /loo-algebra is called canonical, if m^o = 
mi = 0. A canonical model of a filtered Aoo-algebra is a canonical filtered Aao- 
algebra homotopy equivalent to the original one. 

Pick a submodule 7i* °-> kermi (~l C* such that i* : Ti k = H fc (C* , mi), and 

U k : C k -> H k C C k such that tfotf = U k and tfoli = 0. We will 
construct a structure of a filtered Aoo-algebra on TC[1]* (g> Ao tnov and a filtered 
Aoo-homomorphism from H[l]' (g> Ao, nov to C[l]*, which is a weak homotopy equiv- 
alence. Since R is a field, any cochain homomorphism inducing an isomorphism on 
cohomologies is a weak homotopy equivalence. Firstly, we observe the following: 

k ^ _ i 

Lemma 3.2. There exist G . C — > C , k = 0, 1, . . . , n, such that 

(1) id-U k = -(mi oG k + G k+1 omi), 

(2) G k o G k+1 = 0. 

L i k 

From now on, let Tt* C be a subcomplex and II : C — > C be a projection 
to H k such that there exist G k : C -> C^'" 1 satisfying ([J), j2|) in Lemma l3~2l 
We do not assume that mi\u = 0. Thus Ti* is not necessarily isomorphic to 
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the cohomology H*(C*). But the condition JTJ implies that : H* (H,mi\-n) = 
H*(G ,riTi). Theorem 13. II follows from the following: 

Theorem 3.3. (1) There exists a structure {tTtj.}^.j of an A^-algebra on Ti with 
m'i = trills . The inclusion i extends to an A^-homomorphism {ffel^j with = l. 
(2) There exists a structure {trifej^Q of a filtered A^-algebra on Ti. <E> Ao,„ ol ,. The 
inclusion i extends to a filtered A 00 -homomor r phism {f}^L with fi t o = 

Let G be a monoid as in section 2 and pr 1 (G) = {A(i)} such that 

= A( ) < A(i) < A( 2 ) < > +oo, 

unless G = {(0,0)}. We write 

pr 1 (/3)=A (l) 

and 

m A „ V A im,,. 
Thus rrifc = ^ m£ ^ Here is considered as 

m M : -B fe (C[l] # ) ® R[e, e" 1 ] G[l]* ® i?[e, e" 1 ]. 

By an abuse of notation, we also denote by H k , G k the extensions thereof to C k <& 
i?[e,e _1 ] as a i?[e, e~ 1 ]-modulc homomorphism. 

In order to define a G-gapped filtered Aoo-structurc on 7i[l]* <8> Ao tTlov and a 
G-gapped Aoo-homomorphism from Ti.[l]' ® Ao irlou to G[l]*, we introduce some 
notation. 

A decorated planar rooted tree is a quintet T = (T, i, vq, Vtad, v), which consists 

of 

• T is a tree, 

• i : T — > D 2 is an embedding, 

• Vo is the root vertex, 

• V t ad = {vertices of valency 1} \ C° xt (T), 

. 77 : CL(T) = G°(T) \ C° ext (T) - {0, 1,2,...}. 
Here G°(T) is the set of vertices of the tree T, G^T) = r^dD 2 ) is the set 
of exterior vertices and G l ° rat (T) is the set of interior vertices. Note that the root 
vertex vq is an exterior vertex and Vtad C Cf nt (T). Let G^~ be the set of T = 
(T, i, v , Vtad, v) sucn that #C® xt = A: and n(v) > if v £ C° nt (T) is a vertex of 
valency 1 or 2. We set E(T) = Yl ve c° (t) *(»?(«))• 
For each T G G^ +1 , we construct 

m r : B k (H[l}') ® i?[e, e^ 1 ] W[l]* ® i?[e, e -1 ], 

which is of degree 1 and 

fr : B k {H[l]') ® R[e, e" 1 ] -> C[l}' ® iJ[e, e" 1 ], 

which is of degree 0. Then we define 

m 'fe = J2 T B(r) m r : B k (H[l]') <8 A ,„ o „ ® A ,„ o „ 
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Vq 

To 



k > 2 



I 



rj(v) > 




v 

T)(v) > 



V(v) > 



Figure 1. 

and 

fk = TE{r) fr ■ B k (H[l}') <E> A , no v C[l] m ® A ,„ ow . 

We will show that <E) A 0i „ ot ,, {m' fc }) is a G-gapped filtered A^-algebra and 

f = {ffc} is a G-gapped A^-homomorphism, which is a weak homotopy equivalence. 
Then the Whitehead type theorem implies that f is a homotopy equivalence. 

Step 1. The case that #CP„ t (T) = 0. 

Such a T consists of two exterior vertices and an edge joining them. Therefore, 
there is unique element r , which belongs to Gj. We define 

mr = ™i\h[i]' 

and 

fr : H[l] m <8 R[e, e" 1 ] G[l]* ® J2[e, e" 1 ] 
to be the inclusion t. 

Step 2. The case that #G?„ t (T) = 1. 

For any fc = 0, 1, 2, ... , there is a unique planar tree with #C® xt (T) = k + 1 
and #Gj° nt (T) = 1. Let Tk+i G G^ +1 be a decorated planar tree with one interior 
vertex v, see Figure [T] 

We define 

m rfc+1 = n o m kMv) : B k (H[l]') ® i?[e, e" 1 ] -► W[l]* ® R[e, e" 1 ] 

and 

fr fc+1 = G o m M( „) : ® i?[e, e^ 1 ] -» G[l]' ® i?[e, e" 1 ]. 

Since the degree of II, resp. G, is 0, resp. —1, mr H1 , resp. fr fc+1 , is of degree 1, 
resp. 0. 

Step 3. General case. 

Let vi is the vertex closest to the root vertex vq. Cut the decorated planar tree at 
V\, then L is decomposed into decorated planar trees . . . , r'^ and an interval 
toward v$ in counter-clockwise order, see Figure [2] 

Then we define 

m r = n o mi tV ( Vl ) o (f r( i) ® • ■ • ® f rW ) 
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Figure 2. 

and 

fr = G o me >v ( Vl ) o (f r( i) ® • • ■ ® f r(f) ). 

Finally we define 

m' fe = £ ^ r >m r 

and 

T6G+ +1 

As in §2.1, we obtain a graded codcrivation 

d' = : B(H[1}') ® A , nO v -» (8 A 0i „ OT 

and a (formal) coalgcbra homomorphism 

f : ® Ao,^ -»• B(C[1] - ). 

We will show the following: 
Proposition 3.4. 

Jod' = dof, 
w/iere d = £ fe ™fc = -» B(C[1]'). 

Since f 1 = fr is the inclusion, we find that f is injective using the energy filtration 
and the number filtration on the bar complex. Then d! od! = follows from dod = 0. 
Hence we obtain the following: 

Corollary 3.5. (1) {TL[V\* ® Ao jn0 i>; { m fc}) * s a G-gapped filtered A^-algebra. 
(2) f is a G-gapped Aoo -homomorphism from ("H[l]*<8>Ao )now , {m' fc }) to (C[l]*, {rrifc}). 
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The rest of this section is devoted to the proof of Proposition 13. 4\ which is 
equivalent to that 

f o d! = m o f 
as maps B(H[1]°) <g> A 0i „ O t> — > C[l]', where 

f : B(H[l] m ) ® Ao.nov ^ B(C[l] m ) 3 C[l]', 

and 

m:B(C[l]') ^B(C[l]')5C[lf. 

Namely, f|s fc (w[i]')®A ,„o„ = fk, H-BfcCH[i]*)<g>A ,„o„ = "^fc- 

We introduce an order on {(fc, i)\k, i = 0, 1, 2, . . . } by (fci, »i) -< (^2, ^2) if either 
*i < *2 or ii = %2 and fci < &2. We show the following claim by the induction on 

(M). 

Claim {k, i) . 

fod' = mo| modT^'+'i ■ C[l] - on S fc (W[l]*) ® A ,„ o „. 
The key ingredients in the proof arc the following relations presented in Figures 

Gum 

Firstly, we consider the case that i = 0. Claim (0, 0) follows from the gapped 
condition. By the choice of H, Claim (1,0) holds clearly. Suppose that Claim (£, 0) 
holds for £ < k. Note that 

ffc = ffc,o = ( Go ^°^ + s kik„)\ Bk (n[i]') 

K£<k 

and 

™'k=™°k,o=( n °™W + s kimr )\ Bk (H[i}')- 

Kl<k 

Here <5„ is Kronecker's delta. Recall that mr = Wi,o|w an d fr is the inclusion. 

Note also that the restriction of f to Bk("H[l]*) in the right hand sides is determined 

by fi> • - - .ffc-i- 
Thus we have 

m° f\ Bk (H[i]>) = (mi o I + ™<?°T)\B k (H{i]') 

Kl<k 

= ( X! mi oGonTf of + 4imi o f ro + ^ ™t°J)\B k (H[i\')- 

Ki<k Kt<k 

= ( / J Ilom^of- ^ Gomi ol< of + Skim ofr )|s h (w[i]«) 

= (fro o m^- ^ Gomi om£ of) | Bt 

i<e<k 

= (fr omfe+ Gom ei odoJ)\ Bk{n[1] . y 

Ki'<k 
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Figure 3. 




filtered A^-relations 




inserting id. 
Figure 4. 
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Here we used the fact that mi oG+Gomi = II — id and the ^loo-relation dod = 0. 
Since we assumed Claim (£, 0) for i < k, i.e., 

mof = f od' on B e {H[l}')i 

we have 

do] = f od' mod C[l] m = Bi(C[l]*) on B k (H[l}'). 

Therefore we find that 

{^2 Gom £ - odo ~f)\ Bk (H[i]') = ( G ° m f °f °")|B k (W[l]«)- 

K£'<fc Kf'a 

Hence we showed Claim (k, 0), i.e., 

m o f = f o d 

on B fc (W[l]'). 

Next we assume that Claim (k, i) holds for all k = 0, 1, 2, . . . . We prove Claim 
(fc, t + 1) by the induction on k. Note that Case 3-1 below does not occur in the 
case that k = 0. 

First of all, we recall from the definition of G^ +1 that 

h= X T^ r )f r = X Gom h°y\B k (H[l]-)®A , nav +Sklfr . 

rec+ +1 (*.j)*(i,o) 
Then we have 

«i°fls fc (W[i]') =(mi,oof + X m ?J °f)ls fc (W[i]«) 

(«,i)#(i,o) 

= ( X m i,o ° G o tn| >3 - o J+ (5feimi,o ° fr 
(fj)#(i,o) 

+ X m ?o °f)ls fc (-H[i]«)- 

(«)^(i,o) 

= ( X n ° ° f — X G o mi,o o o f 

+ 5fcitni,o o fro)|s fc CH[i]') 

= (fr °"ifc- X Gom i,o °f)|s fc (w[i]') 

(f,i)#(i,o) 

= (fr °tTife+ X Gom ?'j' °^°f)ls fc (H[i]')- 

In the third equality, we used the fact that tn^o ° G + G o mi,o = n — id. 
We will show that 

^2 Gom°, f odo}= X Gomf,^ of od' mod r A i-+ 2 ), 

{vj'mifl) (fj')#(i,o) 

which implies that 

mo| = |od' modT A ('+ 2 >. 
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Case 1: I' = 0. Note that the Bo(C[l]') = Ao,no«-components of Im d o f and 
Im f o d! arc zero. Hence we have 

mg ■/ o d o f = m£ j, o f o d' = 0. 

Case 2: f = 1. For f ^ 0, m° jr = mod T A (i>. By the induction hypothesis, 
we have 

Jod' = doJ modT Xi+1 . 
Since A( i+2 ) < + we obtain 

mjj, ofo d' = m lf o d of mod r A <*+ 2 > . 
Case 3: £' > 2. Let x e S fe (W[l]*) ® Ao,„ „. Write 

A*' _1 X = Xi )Q ® • • • ® X^ )0 , 
a 

where A is the coproduct and Xj ja e iJ&j ® Ao,now Then we have 

?o d'(x) = ^ ]T(-l) dog ' x ^+-+ dc s' f fel a ( Xl)0 ) ® • • • ® f tii0 (d'(x i>0 )) <8> • • • 

•••®ffef/, a (x^,o)- 

Case 3-1: fc JiCl < fc. In this case, we have 

f fcji „ (d'(x Ao ) = m o f(x 3 , „) mod T A (*+ 2 > 
by the induction hypothesis. Hence 

fjfei, (xi )0 ) ® •■ • ® ffc^aC^'Cx^o)) ® ••■ ® f^, (x^, a ) 
=f fel|0 (xi >0 ) (8) • • • ® mof(x 3> ) • • • ® f fc ,, a (x f , a ) mod T A <*+ 2 >. 

Case 3-2: fcj :(I = fc. In this case, kf >a — for j' ^ j, i.e., Xj/^ £ _Bo(H[l]*)®A 0! „ ot ,. 
Without loss of generality, we may assume that x.j>. a = 1 for j' ^ j. 
By the induction hypothesis, we have 

f(d'(x iia )) = m(f(x iia )) mod T a <*+d, 

which implies that 

fo(l)®-®f(d / (x,-,o))8i-"®fi(l) = fo(l)®-®m(f(x,- l0 ))®- • -(8fi(l) mod T A <*+ 2 >. 

Here we used f (l) = mod T A < 1 > . 

In sum, we obtain Claim (k, i + 1) for all fc. 

By the construction, f t is a chain homotopy equivalence (n is a homotopy in- 
verse). Therefore, Theorem 12.21 implies that {f^} is a homotopy equivalence of 
filtered Aoo-algebras. 
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4. Filtered Aqo-algebra associated to Lagrangian submanifolds 

Let (M, bS) be a closed symplectic manifold and L a Lagrangian submanifold. 
We only consider the case that L is an embedded compact Lagrangian submani- 
fold without boundary equipped with a relative spin structure, see §44 in [SJ. We 
constructed a filtered A^-algebra associated to L in (M,u>). As we explained in 
section 2, the framework of (filtered) Aoo-algebras, bimodules, etc. is adequate to 
formulate the condition under which Floer complex is obtained. 

In this section, we briefly recall the way of constructing filtered ^loo-algebra 
associated to L. Although the readers may find Proposition 4.1 below too technical, 
wc present it precisely so that we can explain how to modify it for the purpose of 
section 5. 

A naive idea of the construction is to use the moduli space of pscudo-holomorphic 
discs to deform the intersection products of chains in L in a similar way to the 
quantum cohomology, where the intersection product on (co)homology is deformed 
by the moduli space of pseudo-holomorphic spheres, more precisely, stable maps 
of genus 0. Here appears a difference: while the moduli spaces of stable maps of 
genus are (virtual) cycles, the moduli spaces of stable bordered stable maps are, 
in general, not (virtual) cycles, but with codimension 1 boundary (in the sense of 
Kuranishi structure). Therefore, we cannot restrict ourselves to cycles and forced 
to work with chains. However, the intersection product is not defined in chain level, 
e.g., the self intersection of chains. We start with a subcomplex of the singular chain 
complex such that the inclusion induces an isomorphism on homology. Then take 
perturbed intersection product of generators of the subcomplex and add them to get 
a larger subcomplex such that the inclusion induces an isomorphism on homology. 
Once we get such nested subcomplexes, we apply the argument in the proof of 
Theorem 3.3 to define the operation m2 on a fixed subcomplex. This multiplicative 
structure is not associative, but associative up to homotopy. So we proceed to 
constructed other operations rrifc in a similar way, see Corollary 30.89 in section 
30.6, [BJ for a detailed argument. In this way, we obtain an ^loo-algebra. 

For the construction of the filtered ^4oo-algebra, we include the effect from the 
moduli space of bordered stable maps. We need to take perturbations of the moduli 
spaces to define the operations not only perturbation in the intersection product 
mentioned above. Our strategy is to construct an A n x~ algebra on C( g j(L), which 
is generated by X(g) hi Proposition 14.11 for a sufficiently large g. Then we use the 
obstruction theory to extend a filtered ^n^-structure to a filtered A n i ^/-structure 
((n, K) ^ (n',K')). The resulting filtered j4oo-structure is unique up to homotopy, 
see §30 in Chapter 7, [5J. 

Let hl € H 2 (M, L;Z) be the Maslov class of the Lagrangian submanifold L. 
We introduce an equivalence relation ~ on ^(M, L;Z) by fti ~ fa if and only if 
wC8i) = wife) and ML (/?x) = ML (/3 2 ). 

Pick an almost complex structure J compatible with to. Denote by Ai(f3;L, J) 
the moduli space of bordered stable maps u : (£, <9£) — » (M, L) of genus repre- 
senting j3 and by A4k+i (/?; L, J) be the moduli space of bordered stable maps in the 
class P of genus with k + 1 marked points zq, Zi, . . . , Zu on the regular part of <9£. 
Denote by A4™^ I 1 n (/3; L, J) the component, on which the marked points z , z\, . . . , 
respect the counter-clockwise cyclic order on the boundary of bordered semi-stable 
curve of genus with connected boundary. Let ©(£) be the monoid contained in 
n(M, L) generated by f3 with M(f3; L, J) ^ 0. We write ft = 0e <5(X). 
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Our basic idea is as follows. For singular simplices Pi, . . . , Pk in L, we consider 
the fiber product in the sense of Kuranishi structure 

Mf^ifi; P 1 ,...,P k ) = MT*?({3; L, J) ev x Lk (Pi x • • • x P k ), 

where ev = {ev\, . . . , evk) is the evaluation map at z\, . . . ,z k - (For the orientation 
issue, see Chapter 9 [6].) Then we would like to define 

m M (Pi, . . . , P k ) = (ev : M^(p- Pi, . . . , P fe ) L), 

where evo is the evaluation at zq. 

Note that M^\(fi) is not necessarily a manifold or an orbifold and that evi 
are not necessarily submersions even if A4]™K n (/3) is such a nice space. In order to 
deal with this issue, we introduced the notion of Kuranishi structure [8], see also 
Appendix in [6]. Here is a digression on Kuranishi structure. 

Let X be a compact Hausdorff space. A Kuranishi structure on X consists of 
a covering of X by Kuranishi neighborhoods of the same virtual dimension and 
coordinate changes among them. A Kuranishi neighborhood around p £ X is a 
quintet (V p , E pi T p , s p , ip p ), where 

• V p is a smooth manifold of finite dimension, 

• E p is a real vector bundle over V p of finite rank, 

• T p is a finite group acting smoothly and effectively on V p and E p such that 
E p — > Vp is a Tp-equivariant vector bundle, 

• Sp is a Tp-equivariant section of E p — > V p , 

• ip p is a homcomorphism from s p 1 (0)/T p to a neighborhood of p in X. 

The vector bundle E p — > Vp is called the obstruction bundle and the section s p the 
Kuranishi map. We have coordinate changes among Kuranishi neighborhoods, see 
[8] , [6] . We require that dim V p — rank E p does not depend on p £ X and call it 
the virtual dimension of the space X equipped with Kuranishi structure. 

The moduli spaces of stable maps, bordered stable maps carry Kuranishi struc- 
tures, hence we can locally describe the moduli space as s~ 1 (0)/r p in the definition 
of Kuranishi neighborhoods. If s p is transversal to the zero section, the moduli 
space is locally an orbifold. In general, we cannot perturb s p to a r p -equivariant 
section s' p , which is transversal to the zero section. Instead of single valued sections, 
we consider perturbations by Tp-equivariant multi-valued sections, each branch of 
which is transversal to the zero section. Then we arrange them compatible under 
the coordinate change. In this way, we obtain perturbed moduli spaces. 

We take a multi- valued perturbation s of Kuranishi maps for M. ™^ ((3; Pi , . . . , Pfe) 
such that each branch of s is transversal to the zero section. After taking a trian- 
gulation of the perturbed zero locus M™?™^; Pi, . . . , PkY of s, we obtain a virtual 
chain 

ev :M^T(P;Pi,---,Pkr ^L. 

To make this argument rigorous, we build a sequence of subcomplexes of the 
singular chain complex of L and a series of operations tn| e |. For details, see Chapter 
7 in [6]. Here we briefly recall a part of it, in particular, the construction of a series 
of subcomplexes of singular chain complex of L. In section 5, we explain how to 
arrange this construction in relation with the Morse theory. 
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In §30 in [6], we constructed countable sets Xg{L) of singular C°°-simplices on 
L. For a simplex P G Xg{L), we call g the generation of P. Write 

X(g) = (J *A L ) 
g'<g 

and denote by C( g )(L; R) the i?-vector space generated by X{g)(L). Let S(L; R) be 
the singular C°°-chain complex of L with coefficients in R. 

Condition 1. Any face of P G Xg{L) belongs to X(g)(L). 

Condition 2. The inclusion C( 9 )(L) — > S(L;R) induces an isomorphism on 
homology. 

For [3 G <8{L), we define 

/ sup{n|3/3i, ...,/?„ g <S(i) \ {/3o},ELi A = /3} + M/ 3 )] - 1 if P ± A> 
11 p 11 \ -1 if/3 = /3 

Here is the largest integer not greater than w(/3). 

By Gromov's compactness, the number of /3 G ®(L) with | /3 ||< C is finite for 
any C. 

Next we introduce an additional data D : {1, . . . , k} — > Z>o, which is called a 
decoration. For a pair (c), /3) such that M™+™(f3) ^ 0, we define 

II <n R\ II- / max ie{i,...,fc}^( i )+ II Z 3 II + fc if fc 7^ 
II II- | || ^ || if fc = 0. 

We will take the fiber product of A1^™(/3) and singular simplices P, in L. The 
decoration c) is introduced in order to include the generations of singular simplices 
Pi into the data. When we emphasize that the decoration Xs is equipped with the 
moduli space M^([3), we denote it by M™f- d {f3). 

Proposition 4.1 (Proposition 30.35 in [6]). For any S > and K > 0, there 
exist X(g)(L), g = 0, ...,1C, and multisections s fe ~ p for || (0,/3) ||< /C with the 
following properties: 

• X(g) (L) satisfies Conditions 1 and 2 above. 

• Let Pi G XxiU) (L),i = 1, . . . , k. We put 

M^(f3; Pi,...,P k ) = M^((3) x Lk [] p 

and define a multisection s D k „ p thereof. s D k ^ p is transversal to the zero 
section. 
. Ifg =|| (M) II, tten 

is decomposed into elements of X(g)(L). Here and henceforth we denote 
M-r^i: Pi,---, liyw : *-; i/9j ^(0). 

• TTie multisections S B fc ^ p satisfy certain compatibility conditions. 

• TTie zero iocws s ^ a p('-') * s ™ a S -neighborhood of the zero locus of the 
original Kuranishi map. 



CANONICAL MODELS AND MORSE COMPLEXES 



23 



For the compatibility conditions in the above statement, see Conditions 30.38 
and 30.44 in (6]. 

Now wc explain the way of constructing the filtered Aoc-algcbra associated to L. 
We put 

m^CPx, . . . , P k ) = (ev : M™?>\f3; Pi,---, P k )**^ - L), 

when Pi S X{xi(i)), i = 1, ■ ■ ■ ,k. Then m^ e ^(Pi, . . . , Pk) is decomposed into elements 
of X(g), where g = || (5,/3) ||. Using the idea in section 3, we showed the following: 

Proposition 4.2 (Proposition 30.78 in [5]). For any g ,n,K, there exists g\ > go 
and a filtered A ni K -structure mk.fj on C( 9l )(L) g> ^-o,nov such that 

ttlfc,/3(Pl, ■ ■ ■ , Pfc) = W-l^iPi, Pk), 

if Pi e X( 90 )(L). 

Combining Theorem 12.41 and Proposition 14.21 we can construct a filtered A^- 
algebra associated to L, for details see [B]. Hence we obtain 

Theorem 4.3 (Theorem 10.11 in [5]). Let L be a relatively spin Lagrangian sub- 
manifold. Then there exist a countably generated subcomplex C(L) of the singular 
chain complex and a filtered A^-algebra structure on C{L) ® Ao, Ilou . 

We also proved that the homotopy type of the filtered ^oo-algebra is unique. 

Applying the construction of canonical models in section 3, we obtain a filtered 
Aoo-algebra structure on H(L) <g) Ao,„oi>. 

Let (Lo, L\) be a relative spin pair of Lagrangian submanifolds. Assume that Lo 
and L\ intersect transversely. Then we have the following: 

Theorem 4.4. Let D' be a free Ao^ nov -module generated by Lq H L\. Then there 
exists a filtered A^-bimodule structure over filtered A^-algebras associated to Li, 
i = 0,1. 

5. Canonical models and Morse complexes 

In this section, we apply Theorem 13.31 and reduce the filtered Aoo-structure on 
C'(L) g) A , nov to the Morse complex CM'(f ) ® Ao ino „. 

Wc pick a specific Morse function as follows. Choose and fix a triangulation T of 
L. We may assume that the triangulation is sufficiently fine by taking subdivision. 
Pick a Morse function / : L — * R with the following property. Critical points 
of / are in one-to-one correspondence with barycenters of simplices. Moreover, 
the Morse index of a critical point is equal to the dimension of the corresponding 
simplex. Then we can take a gradient-like vector field X such that the unstable 
manifold W u (p) at each critical point p is the interior of the corresponding simplex. 
Denote by {pt} the flow generated by X. (The function / increases along the orbits 

of wo 

Now we prove the following: 

Theorem 5.1. Let L be a relatively spin Lagrangian submanifold in a closed sym- 
plectic manifold (M, to) and f a Morse function on L as above. Then Morse complex 
CM*(f) (£> Ao in0 u carries a structure of a filtered A^-algebra, which is homotopy 
equivalent to the filtered A^-algebra associated to L constructed in [6]. 
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The proof occupies the rest of this section. We explain how to choose Xg(L) 
in section 4. Firstly, we choose and fix a linear order on the set of vertices in T. 
Then we regard each Ti G T as a singular simplex by the affine parametrization 
Ui : Afe ; — > Ti respecting the order of the vertices. In particular, all simplices are 
oriented, hence the unstable manifolds W u (p). For our construction, we have to 
start with the following set of singular simplices. Set xi(L) = {ci} and identify the 
Morse complex CM'(f) with C%(L), which is a subcomplex of the singular chain 
complex of L generated by x%{L)- Note that Xt(L) satisfies Conditions 1 and 2 
given in section 4. 

We define Xg{L) D Xz(L) m an inductive way as follows. For g = —1, we set 
X—i(L) = x%(L). For g = 0, 1, . . . , suppose that we constructed Xg'(L), g' < g- 

We can choose the perturbations s a k ~ p in Proposition 14.11 with the following 
property. 

Each face r of any simplex in the triangulation of 

with g =j| (0,(3) || is transversal to the stable manifold W s (p) at any p G Crit(/). 
Moreover, for each r of dimension at most dim L, there exists at most one p = p(r) G 
Crit(/) such that the stable submanifold W s (p) is of complementary dimension to 
r and W s {p) and r intersect at a unique point. Denote by T(p) G T the simplex 
containing p. Let X° g {L) be the set of these singular simplices r. 

We have to add Xg(L) to previous U 9 '<<j Xg' (L)- In order to guarantee Condition 
2, we further add the following singular simplices to X° g {L) and obtain Xg(L). De- 
note by <7 T s xi the singular simplex corresponding to T{p(r)). Define H(t) = ea r , 
where e = ±1 is given by the following equation. 

r n w s ( p (t)) = eW u { P { T )) n w s ( p (t)), 

if there exists a unique stable manifold W s (p(t)), which intersects r transversely 
at a unique point. Otherwise, we define H(t) = 0. In particular, if r > dimL, 
n(r) = 0. For each r as above, we will find a singular chain G(r) such that 

n(r) - t = miG(r) + G(mir), 

where Tni = (— l) dlmi i9. We can find such G(t) by induction on dimension of r. In 
our case, we construct G(t) using the gradient-like flow {pt}- Set 

t(Imx) = (J pt(Imr). 

t<o 

By the choice of our perturbations above, the closure of r(Imr) can be triangulated 
in a compatible way with r and II(r). Pick such a triangulation and then define 
G(t) the corresponding singular chain. For the chain G(r), wc define G(G(r)) = 0. 

Note that II : C^(L) — > CtQ\{L) and G : C^(L) — > C^(L) satisfy the condi- 
tions in Lemma 3.2, hence C^{L) satisfies Condition 2. Therefore we can apply 
Theorem 13.31 to reduce the filtered A^-structure on C'(L;Ao inov ) to CM'(f) ® 
Ao, now and obtain a filtered Aoo-algebra (CM'{f) ® Ao in0 u, which is homo- 

topy equivalent to (G( g )(L) <E> Ao >rto „, {mfc})- Theorem 15. II is proved. 

In the proof of Theorem 3.3, we constructed the operator m' k from mr, T G G k+1 . 
The geometric meaning of mr is as follows. Recall that G(r) assigns the closure of 
the union of flow lines arriving at r. We assign G to the interior edges. The interior 
vertices correspond to J-holomorphic discs, more precisely, bordered stable maps 
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of genus 0. In order to describe the operation mr, we need only rigid configuration 
of n G X"x(L) (the barycenters of r, are inputs), J-holomorphic discs, (broken) 
negative flow lines of X and W s (q) (q is the output). We choose the perturbation 
s generically so that the moduli spaces of holomorphic discs and the flow {pt} are 
in general position so that the inner edges correspond to negative flow lines of X. 
Hence the mr is defined by using the configuration of pscudo-holomorphic discs and 
Morse negative gradient trajectories according to the decorated tree T £ ^kG~l +1 . 

For a decorated tree T E G^ +1 , each edge is oriented in the direction from the k 
input vertices to the root vertex. We denote by v ± (e) the vertices such that e is an 
oriented edge from v~ (e) to v + (e). Consider the moduli space Air(h;pi, . . . .pk,q) 
consisting of the configuration of the following 

• for each interior vertex v £ T, a bordered stable map u v representing the 
class Pr)i v ) with l(v) boundary marked points, where £(v) is the valency 
of v, (we denote by p{e,v) the marked point corresponding to the edge e 
attached to v) 

• the i-th input edge e,; corresponds to a broken negative gradient flow line 
7i starting from the critical point pt to u v +( e .)(p(ei, v + (ei))), 

• the output edge corresponds to a broken negative gradient flow line 70 from 
w u-(e o )(p( e 0: v ~( e o))) ending at the critical point q, 

• an interior edge e corresponds to a broken negative gradient flow line "f e 
from u v - {e) (p(e,v-(e))) to u v+{e) (p(e,v + (e))). 

Counting the weighted order of the moduli spaces of vitual dimension 0, we get 

m r (pi ®---<S>p k )=Y, Wr{h; pi, . . . ,p k , q) • ^^/ 2 q 
1 

and 

m fc = T E ^m r . 
rec+ +1 

For example, we obtain the configuration as in Figure [6] associated to the deco- 
rated planar tree V with inputs T{p),T{p'),T(p") £ x%{L) as in FigureEl 

This is essentially the configuration introduced in [4] . Note that the first named 
author [5] took multiple Morse functions to achieve transversality. Here we use 
one Morse function and apply the argument in section 3 to squeeze the filtered 
Aoo-algebra structure to the Morse complex. We emphasize that this becomes pos- 
sible only after working out the chain level intersection theory in detail, which we 
explained in section 4. To find an appropriate perturbation of A4r(h;p±, . . . ,pk, q) 
directly without using the argument in section 4 (or section 30 in [B]) seems ex- 
tremely difficult. 

The use of multiple Morse functions enables to construct the topological (or 
partial) filterd Aoo-category of Morse functions on L in the case that mo = 0. Note 
that, in a topological (or partial) filtered Aoo-category A, the set O64 of objects 
is a topological space and the set Mor^(a,b) of morphisms is defined for (a,b) 
in an open dense subset of Ob^ x Obj,. When A is a filtered Aoo-category, each 
object a is equipped with the filtered Aoo-algebra Mor^(a,a). In our case, the 
filtered Aoo-algebra on Morse complex CM'(f) corresponds to the filtered A^- 
algebra associated to the object /. Note that, in the construction of this paper and 
in Theorem 5.1, we do not need to assume that mo = in our construction. 
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Figure 5. 

For a relative spin pair (Lq,Li) of Lagrangian submanifolds, which intersect 
transversely, we obtain the filtered Aoo-bimodule over the filtered Aoo-algebras on 
CM'(fi) <g) Ao irlou , where fa : Li — ► R, i = 0, 1, are Morse functions. When L and 
L\ are of clean intersection, there exists a certain local system 6 on Lq n L\ and 
we can reduce the filtered Aoo-bimodule structure on C'(L nZi;6) <& A , nov to 
CM*(h; 0) ® Ao in ot, over the filtered Aoo-algebras on CM'(fi) ® A 0inO D- Here /i is 
a Morse function on Lq n Li, which may be disconnected with various dimensions. 
For the canonical models of filtered Aoo-bimodules, see [B]. 

Acknowledgement. We thank Otto van Koert for his kind instruction of making 
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